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ABSTRACT

The sensitivity of the vertical mode expansion to the location of the upper boundary of the model
atmosphere and to the vertical resolution is studied. The vertical modes are determined using a
o-coordinate linearized primitive equation model with basic state at rest. The o-levels are defined
at standard pressure levels so as to avoid interpolation influence on the results. Two basic sets of
experiments are performed: (a) varying the top pressure where g is zero while maintaining the
vertical resolution in the interior unchanged: (b) fixing the top pressure and varying the vertical
resolution. The results are analysed in terms of the energetics of the projection of gridded FGGE
level 111-b data at one particular grid point over tropical South America during the summer. It is
found that the peak energy which occurs at an equivalent depth of the order of 220 m is
approximately invariant with respect to experiments a and b.

1. Introduction

The interpretation of the vertical atmospheric
structure in terms of the vertical modes is
analogous to the horizontal counterpart. In the
recent literature, the horizontal projection has been
applied to the global decomposition of 500 mb data
by Kasahara (1976), assuming the equivalent depth
of the external mode, which is basically barotropic.
More recent applications have been on the normal
mode nonlinear initialization of modal decom-
positions (Daley, 1981). Since Rossby and gravity
modes are basically different categories of motions,
allowed by the dynamics of the primitive equation
model of the atmosphere, it seems reasonable to
explore the partition of energy between these
modes. Further insight into the dispersive proper-
ties of the atmosphere can be gained by exploring
the energy projection onto the various horizontal
modes. However, the time scale of the horizontal
modes is closely related to the vertical modes
through the spectrum of equivalent depths of the
stratified model. Thus, the projection onto horizon-
tal modes is dependent on the choice of an
equivalent depth and this involves the knowledge of

Tellus 38A (1986), 3

the vertical energy partition among the vertical
modes associated with the model.

Another point of view can be explored if the
vertical structure is considered as an optimization
problem in which maximization of variance by the
minimum number of vertical modes is investigated:
Holmstrém’s (1963) analysis belongs to this
category. Monin (1972) applied principal compo-
nent analysis to this problem aiming at a compact
representation of the vertical structure of the
atmosphere in order to optimize the inversion
techniques applicable to satellite temperature
retrievals. It is interesting to note the similarity
between the empirically determined vertical modes
and those obtained as eigenfunctions of the vertical
structure equation (Monin, 1972).

The vertical modes of the Australian Numerical
Meteorological Research Center (ANMRC)
primitive equation model (Bourke et al. 1977)
formed the basis for the projection of global data
by Kasahara & Puri (1981). The vertical partition
shows a peak at the external mode and a secondary
peak at the 3rd internal mode (n = 4). Puri (1983)
discusses the nature of the modelled Hadley
circulation by the ANMRC vertical modal space.
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It is shown that the moist convective para-
meterization is responsible for the 3rd internal
mode dominance in the Hadley cell representation.
Silva Dias & Bonatti (1985) decomposed FGGE
level III-b data over tropical South America onto
the ANMRC vertical modes showing the
dominance of the 3rd internal mode in the
energistics of the tropical circulations and the
transition to the external mode dominance toward
higher latitudes.

This paper has the purpose of investigating the
sensitivity of vertical mode expansion to the
location of the top pressure level and to the vertical
resolution of the finite difference version of a g-level
primitive equation model based on the ANMRC
version. The results are analysed in terms of the
energetics of the projection of gridded FGGE level
III-b data at one particular grid point over tropical
South America during the summer.

2. Model equations

The linearized primitive equations on the sphere,
assuming a basic state at rest and with the vertical
o-coordinate, can be written as:
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where P, P_ and P, are respectively local pressure,
surface pressure and pressure at the top of the
model atmosphere, and
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is the static stability of the basic state at rest with
temperature profile 7(o). The remaining symbols
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have the usual meteorological meaning except for
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with Ps representing the average surface pressure of
the basic state, g is gravity, and z' is the pertur-
bation geopotential height.

The above formulation is slightly different from
Daley (1979) and Kasahara and Puri (1981) due to
the inclusion of a top pressure level different from
zero. However, eq (1) to (8) reduce to Kasahara
and Puri’s (1981) for p, = 0.

Eq (1). (2) and (3) constitute a system of three
equations in the three unknowns u’, v’, and P’
which can be solved, provided the boundary
conditions
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are specified. The subscript “s™ in (8) and (10)
refers to the surface value of the indicated variable.
The above boundary condit_ions are equivalent to
the dynamical conditions ¢ = 0O at the top and
bottom boundaries of the model.

The usual procedure to separate the vertical and
horizontal structures associated with system (1),
(2) and (3) is to consider the separation of variables
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with vertical structure governed by
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where D is the separation constant. The boundary
conditions associated with (12) are derived from (9)
and (10) and can be expressed as

d

——K:O at o=0, (13)
do

dy ¥

— +Z2y=0 at o=1. (14)
do TW

s

The vertical structure equation (12) and the
boundary conditions (13) and (14) define a
Stiirm—Liouville problem with D, (n = 1,2,3 ..)
as eigenvalues. The finite difference form of the
vertical structure equation and the associated
boundary conditions is in general not in the
Stirm-Liouville form with orthogonal eigen-
functions. Orthogonal vertical modes simplify the
representation of field variables and allows the
study of energetics in each vertical mode separately
(Kasahara and Shigehisa, 1983). Only certain
forms or combinations of the finite differencing are
in the Stiirm-Liouville form. In Kasahara and Puri
(1981), the vertical discretization of the vertical
structure equation follows the staggering of the
ANMRC model, which was also used by Silva
Dias and Bonatti (1985) yielding the finite dif-
ference form of the Stirm-Liouville problem.
In the present case, the same vertical discretization
is used. except for the positioning of the vertical
levels which are defined at the standard pressure
levels.

A vertical sounding can be decomposed as a
series of the eigenfunctions y, , as

u, .
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where K represents the total number of vertical
levels, k is the particular level and the subscript “o”
indicates the observed fields. The kinetic and
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available potential energies associated with each
vertical mode at each grid point are defined by

(16)

Dn
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DII
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2
respectively. It is also useful to define the parameter
R, which represents the % of the total energy which
is contained in the n’th mode as

K, +A4,)
R =——— —  x100%.

"= (18)
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3. Vertical decomposition

The geopotential height and horizontal velocity
at standard pressure levels (up to 10 mb) and
the surface pressure at 15° S and 56.25° W on
February 2, 1979 at 00 GMT were subjected to the
vertical decomposition described in Section 2. This

P{mb) c
10 T 0099
20} - oi98
30+ - 0297
50 - 4 .0498
70 - - .0692
100 - - 0989
150+~ o 1484

|

200+ +.1978

250 - .2473

300 4 .2967

400 - 3956

500 - .4945

700 - 6923

850 - .8407

1000 .9891

Fig. 1. Basic state temperature profile over the region
limited by the grid points (30°N, 135°W), (30°N,
3.75° W), (45°8, 135°W) and (45°8S, 3.75° W) during
the period January 29, 1979 to February 16, 1979.
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Table |. Basic characteristics of the experiments

Experiment Top pressure (mb) Number of levels
Al 0 15
A2 30 12
A3 70 10
B 0 8

particular grid point of the FGGE data set was
chosen on the basis of its representativeness of the
perturbed tropical atmosphere which has been
shown to be dominated by the 3rd internal mode
(n=4) of the ANMRC model, as discussed by
Silva Dias and Bonatti (1985). The basic state (Fig.
1) is defined by the average temperature profile
over the domain limited by the grid points (30° N,
135°W), (30°N, 3.75°W), (45°S, 135°W) and
(45°S, 3.75°W), during the period 29 January
1979 to 16 February 1979, as in Silva Dias and
Bonatti (1985). The o-levels coincide with standard
pressure levels. This choice eliminates possible
interpolation effects from p-levels to o-levels.

Several experiments were carried out by lowering
the top pressure from 0 mb to 70 mb and reducing
the vertical resolution by reducing standard press-
ure levels. Table 1 describes the basic charac-
teristics of the experiments presented in this paper.
Experiments Al, A2 and A3 allow the iden-
tification of the effects associated with lowering of
the top pressure; Experiments B and A1 reveal the
effect of vertical resolution.

3.1.

Figs. 2, 3, 4 and 5 show the vertical eigenfunctions
for the allowed vertical eigenvalues D, and for
each of the experiments defined in Table I,
respectively. The vertical scale based on pressure in
Figs. 2-5 is made the same for each of the
experiments in order to emphasize the relationship
among modes.

The vertical structure of the external mode
(n = 1) in Experiments Al, A2 and A3 shows little
variation below 100 mb. This particular mode is
characterized by a constant sign profile with a
slight bulge in the lower troposphere. The lower
vertical resolution experiment (B) also conserves
the shape of the external mode below 100 mb.
However, the equivalent depth decreases from 9822
m to 8709 m as the top level is lowered from 0 mb

Vertical mode structure
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Table 2. Equivalent height (m) associated with
experiments A1, A2, A3 and B

n Al A2 A3 B
1 9822 9205 8709 9801
2 3178 979 416 3149
3 836 279 156 888
4 385 145 71.2 435
5 227 84.9 35.6 229
6 145 62.2 249 96.3
7 117 353 17.2 51.7
8 80.0 24.8 12.6 38.8
9 61.6 17.1 12.1

10 353 12.6 7.8

11 24.8 12.1

12 17.1 7.7

13 12,5

14 12.1

15 7.1

to 70 mb (Table 2), implying a slight reduction of
the time scale associated with the dispersive
properties of the external mode. Lower vertical
resolution has a negligible effect on the equivalent
depth of the barotropic mode.

The lower order internal modes are compressed
downwards as the top level is lowered from O mb to
70 mb as shown in Fig. 2; the number of zeroes in
the vertical eigenfunctions is evidently the same,
but the baroclinic character is accentuated. As
indicated in Table 2, a clear relationship ceases to
exist among equivalent heights for the low and
intermediate order internal modes. Thus, com-
parison of the dispersive properties is complicated
by the velocity scaling (\/g_D,,) and the super-
position of many vertical modes has to be con-
sidered. Contrary to the results of Experiments A,
the lower vertical resolution (Experiment B) has
little effect on the vertical profile of the eigen-
functions (Figs. 2 and 5) or on the equivalent depth
of the lower order modes up to the n = 5 mode
(Table 2, columns Al and B). The vertical structure
is more influenced by the coarser vertical resolution
at higher levels where the basic state temperature
field shows more variation with height (Figs. 2-5).

The higher order modes associated with Experi-
ments Al, A2 and A3 show negligible dependence
on the top pressure because their amplitude is
confined to the lower troposphere (Figs. 2-4).
Evidently the order of the mode varies (n) because
the number of permissible vertical modes is the
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Fig. 3. Same as Fig. 2, but for Experiment A2.
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Fig. 4. Same as Fig. 2, but for Experiment A3.

number of vertical levels. Thus, the equivalent
depth of the higher-order modes remains un-
changed in Experiments A (Table 2) and, as a
consequence, the lower tropospheric features,
which are described by the higher order internal
modes, are equally represented by the o-level model
described in Section 2, with top pressure at 0 mb or
70 mb. Thus the dispersive properties of such lower
trophospheric features are practically independent
of the location of the top pressure. A comparison
between the results of the Experiments Al and B

indicates that, besides the exclusion of the detailed
lower structure of the higher order modes in A,
modes with similar equivalent depth also show
discrepancies in their vertical structures. As an
example, we can compare the 10th mode in Experi-
ment A with the 8th mode of Experiment B, which
have equivalent depths of 353 m and 38.8 m,
respectively (Table 2); although the general shape
of the associated eigenfunctions is similar, the
positioning of the zeroes differs by more than
100 mb (Figs. 2-5).

Tellus 38A (1986), 3
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Fig. 5. Same as Fig. 2, but for Experiment B.

3.2. Energetics of the vertical decomposition

The % of total energy (R,), the available
potential energy (4,) and the kinetic energy (X,) as
a function of the vertical mode n and equivalent
depth D, defined by (18), (17) and (16) are shown
in Figs. 6a. 6b and 6c, respectively, for each of the
experiment defined in Table 1. Fig. 6a clearly
depicts the dominance of total energy within the
range of 150 m to 250 m in the equivalent depth
scale. The peak at approximately 220 m was also
noticed by Silva Dias and Bonatti (1985) and its
association with convective forcing was established
by Puri (1983) and arrived at by Lim and Chang
(1981, 1983), Gill (1980) and Silva Dias et al.
(1983) from theoretical considerations. Fig. 6a
shows that although the total energy changes as a
function of the vertical mode index n, it is relatively
invariant with respect to the equilvalent depth D,.
Lowering the top pressure to 70 mb has the maxi-
mum impact, represented by the wider spectrum
in Fig. 6a. Lower vertical resolution (comparing the
results of Experiment Al with B) shows little effect
for the external mode, as anticipated from the
results of Section 3a, and a progressively larger
influence for the internal modes.

When analysing the variation of available poten-
tial energy (Fig. 6b) and kinetic energy (Fig. 6¢), a
different picture emerges: the clear cut peak at the
approximately 220 m equivalent depth mode is not
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present. In particular, the available potential energy
shows a double-peaked structure at approximately
220 m and 30 m, while the kinetic energy seems to
show a gradual increase of magnitude as the
equivalent depth increases (a factor of 10® as D,
varies from 10 m to 10* m). A comparison of Figs.
6b and 6¢ also reveals that the kinetic energy is less
than the available potential energy for small
equivalent depth, the reverse being the case for
larger equivalent depths.

The relationship between kinetic energy and
available potential energy can be understood from
a dispersion point of view, or equivalently from a
group velocity argument. Large equivalent depth
modes have higher group velocity and therefore the
horizontal gravitational components are highly
dispersive; this means that the adjustment of the
mass and wind fields occurs in a rather short time
scale towards a rotational state (Silva Dias and
Schubert, 1979). However, the rotational modes
have more kinetic energy than potential energy,
except for the ultra-long waves (Longuet-Higgins,
1968: Kasahara, 1976; Bonatti et al., 1983), thus
explaining the observed partition of energy. As the
equivalent depth decreases, the dispersive charac-
teristics are slowed down by the vertical scaling and
a rotational constraint between the mass and wind
fields is not enforced by the dynamics of the
adjustment. This means that slowly dispersive
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Fig. 6. % of total energy (R,), available potential energy (4,) and kinetic energy (K,) (m? s~2) as a function of
equivalent depth D, (m) and vertical mode index » for Experiments A1, A2, A3 and B, as indicated.

gravity waves with small equivalent depth can have
a locally important contribution to the observed
fields. Because gravity-inertia waves have more
potential energy than kinetic energy, there appears
to be a larger component of geopotential contri-
bution in the energetics.

Thus, from a dispersion argument it seems
plausible to ascribe the dominance of the approxi-
mately 220 m mode in the total energy to available
potential energy and not the kinetic energy. The
secondary peak at approximately 30 m in 4, (Fig.
6b) seems to be related to the boundary layer

Tellus 38A (1986), 3
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structure. The higher order internal modes were
verified to have a large diurnal variation, reinforc-
ing the low level character of these modes (not
shown).

4. Conclusion

In the previous sections, we have discussed the
sensitivity of the vertical modes of the linearized
primitive equations g-coordinate to the location of
the top level and to vertical resolution. We
examined the energetics of the FGGE level III-b
vertical fields at a particular grid point over tropical
South America during summer. It is found that the
total energy peaks at approximately 220 m equiva-
lent depth mode, which is practically invariant with
respect to change in the location of the top level
pressure (lowered from 0 mb to 70 mb) and to the
vertical resolution (halving the number of levels).
The total energy peak is also seen to be related to
the distribution of available potential energy with
kinetic energy showing a gradual increase as the
equivalent height is increased. These results give
further observational support to the modelling work
of Gill (1980), Lim and Chang (1981), Silva Dias
et al. (1983).

The energy content as a function of vertical
mode index is clearly a function of latitude as
shown in Silva Dias and Bonatti (1985); at higher
latitudes more energy is contained in the external
mode. The results presented in this paper concern-
ing the vertical structure of the eigenmodes for the
series of experiments, allow us to conclude that
vertical mode energetics of Silva Dias and Bonatti
(1985) are representative.

It is also interesting to compare the vertical
modes shown in Fig. 2 of Silva Dias and Bonatti
(1985), which were obtained at different inter-
polated pressure levels (9 modes), with the eigen-
modes of experiments Al and B (15 and 8 modes,
respectively). Modes with similar equivalent depth
show similar vertical structure, and the higher order
internal modes are better described with the
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interpolated scheme than with the course resolution
version (Experiment B). This last result is a
consequence of the improved vertical resolution in
the lower troposphere in Silva Dias and Bonatti
(19853).

The dependence of observed energetics on the
equivalent depth can be interpreted as a result of
the adjustment of the mass and wind fields and the
energetics of rotational and gravitational modes.
One question that can be raised at this point is
related to the difference between observed vertical
structures and objectively analysed structures. The
latter are influenced by the model dynamics
through the initial guess field, and in order to
answer the question, further work has to be done,
comparing, for instance, FGGE level II-b with
FGGE level I11-b vertical decompositions.

It is important to notice that although the
horizontal dispersive properties do not seem to be
greatly affected by the location of the top level or
vertical resolution for the predominant vertical
modes, nothing has been discussed concerning the
vertical dispersion. The top lid, evidently, has a
reflective character (Lindzen et al. 1970) and
lowering the top restricts the vertical dispersion.
This point has been stressed by Geisler and Stevens
(1982) concerning Gill’'s (1980) work, regarding
the response of the stationary tropical atmosphere
to localized heat sources. This is another important
aspect that can be studied with vertical modal
projection.
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